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NON-UNIFORM FLOW IN MULTISTAGE
AXIA L COM PRESSORS

Fran k E. Marb le

Division of Eng inee r ing  and A pplied Science

California Insti tute of Technology

ABSTRACT

It has been suggested by the author that some aspects of

severely distorted flow into multistage compressors  may be exam-

ined utilizing an irstegral technique. The general idea of the proposed

technique is clear enough; the appropriate equations of motion and

energy are integrated peripherally and radially, using reasonable

assumptions for the distributions of velocity and thermod ynamic

properties, and the reby reduced to ordinary non-l inear differential

equations for  the parameters  that descr ibe  the distributions.  The

questions that arise are whether the cascade character is t ics  may

be described appropriately over wid e variations of inlet ang le , in-

cluding stall, and whether the profiles may be character ized by a •1
sufficiently small number of parameters to make the technique

attractive.

The present paper examines a specific example of distorted

inlet flow th rough the two-dimensional  annulus of a multistage corn-

pressor which can be solved completely. It is shown that the essen-

tial features of this exact solution, including stall, may be described

by a two-parameter  family of profiles and that an integral  techni que ,

utilizing these elementary profiles, will yield essentially the same

results. While it is not clear that comparable success would hold for

the three-dimensional  problem , the result s confirm the contention

that the two-dimensional  problem may be treated with acceptable

accuracy by an integral  techni que. 
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1. INTRODUCTION

Non-uniform flow conditions entering multistage compres-

sors are among the most significant factors that limit the perform-

ance of these unit s and restr ict  the operation of eng ines of which

they are components. ~ 2 Under some circurnst  ances the non-

uniformities are attenuated in the f i r s t  few stages while otherwise

they may persist through the entire machine, causing severe per-

formance degradation and unacceptable blade loads . The develop-

rnent or smoothing out of severely distorted inlet states is a complex

cooperative phenomenon among rr~ ny successive stages3’ & and is

not readily understood in t e rms  of individual blade row p e r fo rmance .

It is the aim of analytical work  in this field to formulate  such pro-

lems within the requisite accuracy and to find method s by which

physically relevant results may be extracted. It is the contention

of some workers, including the author , that , preferably, such

formulations and methods should lead relatively simply f rom a

physical model to significant results.

One contender for the appropriat e analytical technique is

an integral method in which the equations of motion and energy are

integrated over the compressor annulu s at a fixed point along the

compressor axis. The most familiar example of this technique is

the Karrnan integral method for  the boundary layer , although the

general  idea has found wide application. The applicability of the

technique to the problem of asymmetr ic  compressor  flow rests

not only upon whether it is simpler than a detailed numerical  cal-

culation, but even more critically, whether the velocity, p ressu res

and temperature profiles may be described adequately by a small

number of parameters  and whether the blade character is t ic  can be

specified reasonably over a wide range in ang le of attack. One can

not settle these questions for all c i rcumstances, but one example

in which an “exact” calculation and an in tegra l  method are  in

_____ 
~~~~~~~~ - - ~~~~~~~~~~~ ‘— ‘~
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agreement would be a guide to the merits and limitations of the
method.

It is the aim of this paper to const ruct  such an examp le in
which the exact solution can be carried out . The problem util izes
a blade row and stalling characterist ic and a solution techni que
introduced by the author~

6
~ several years ago in the analysis of

propa g ating stall in sing le blade rows. To make matters simp ler ,
the example considers a two-dimensional annular section of the com-
pressor, represented as a repetitive flow pattern in the plane , and
the fluid field is regarded as uncompressible and inviscid although
the individual blade rows impose losses on the flow across them.
The essential questions to be asked of the example is whether  the
profiles-especially the velocity profi le-can be described in terms
of a small number  of parameters.  If the required number  is few ,
then the possibility exists that the integral  approach may prove
useful in treating problems of distorted inlet flow.

~~~~~~~~~~ _ _ _  ~ LL - UI ~~~~~~~~~~ ...~~JiJL!~~~~~~~~
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~l. BLADE CHARACTERISTICS AND
RE PRESENTATIO N OF STALL

Consider the flow of an incompress ib le  fluid through a

two-dimensional  cascade ut i l iz ing the notation of Fi g u r e  1; 
~~~
, and

~3,, are the relat ive inf low and d i s c har g e  ang les under  condi t ions  of

stead y, uni form flow and U is the  constant  axial velocit y. We re-

place th e cascade by an actuator surface  coincident  with the .j. axis.

Under  these c i rcumstances  the p ressures  ahead and behind the cas-

cade are uniform and denoted -p. and ~~~~ respectively. The charac-

teristics of the cascade will be described by the turning ang le,

p,.- (3~ , and the static pressure  rise, ‘p,... ~o, ~~~~~~ in te rms  of the

inlet ang le ~3, . We shall take these characterist ics to be those

given in Figures 2 and 3 , a form introduced in Ref. 6 , for the

analysis of propagating stall. The pressure  rise , ~~~o , is a discon-

tinuous function of inlet ang le and drops to zero at the local inlet

stalling ang le, ~3, , but is continuous and smooth for ang les p
The outlet angle, is a smooth function of (3~ throug h the stall.

The stall is thus characterized by the absence of static p ressure  r i se

in the separated blad e channel, that is , the relative di f fus ion drops

to zero.

Now we consider non-steady flows in the cascad e to be peri-

odic over a range ~.wR , corresponding to the periodicity about the

compressor annulus, and to be reducible to steady flow by an ap-

propriate velocity of translation along the y-axis. A dis turbance

that enters  f rom a fixed obstruction ahead of the inlet is stead y with

respect to the stationary blade rows , but we must move with a verti-

cal velocity JtR with respect to a rotor blade row to achieve a

steady flow field. In the case of self-induced dis turbances, such as

a stall propogation that moves with an angular velocity c.s, , we must

move with a velocity - cu R  along a stator and with a velocity .fl. ’~~- ‘-~~~~~

along a roto r in order to achieve a steady flow field. Thi s is

possible because the actuator sur face  concept suppresses  e f fec t s  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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ol indiv idual  blades and these  are the  onl y ident i f iab le  fea tures  of
blade row geometry.

Where  the appropriate t r ans fo rmat ion  along the -axis
has been made , we shall call the ang les of the steady flo w, 6, and

e~. upstream and downstream respectively; the relations between the
relative flow ang les ~~~, , and the stead y absolute ang les 8.

are

- - - -~~~~ -~~

for a stator and

~4R f ~ R9, — tn.1. 1g, - — - —  .— -——

for  a rotor where  ot is the absolute angular velocity of the d i s tu rbance
and ..fl. is the angular velocity of a rotor. For a stationary d is turbance
introduced at the inlet , we set w- o ; for  a propagating stall, we de-
te rmine  ~~ as a characteristic value.

_  _
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3. NON-UNIFORM FLOW IN
A SINGLE BLADE ROW

Under  any of the c i rcumstances  just considered , the flow

field induced by a sing le blade row may be d e s c ribed a s i’i Fi gu re 4,

in which any existing stalled reg ion of length ( 7.Q)ac is located

symmetrically with respect to the ~ -axis. The flow ang les 6, and

~~ and the tangential velocities ~~
‘ and are  those that exist

in the absence of stall. We are concerned with small deviations f rom

these two uniform fields introduced by a stall or an upstream dis-

tortion .
The perturbation equations applicable to either ups t ream

or downstream flo w field s, are

3

.00 4

~~~

The disturbance .~9- of the flow angle from the steady flow ang le

may be expressed in te rms of the velocity pe rturbations and if we

retain only terms linear in perturbation quantities , this relation is

~ -~~~~~ - 
~~~~

. t.~ e 6

Now if we utilize equation 3 to eliminate the te rm in favor  of

in the x-component of momentum conservation , equation 4,

we obt ain - v’~~ (5 - ~~~ t a w e)  ~ ~~ ~~~~~~ ~ 0 and , upon introduc-

ing the flow ang le perturbation , equ ation 6,

7

Similar ope rations on the second equation of motion , equation 5,

yields
1~~ D 8

( /4  teu~~~~9J(.1 

~j  ‘ -

• . 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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if , the  r e for e , we choose  two neW dependen t  v a r i a b le s

10-

the two equations of motion , in the fo rms  of equations 7 and 8,

becom e

11

-

Thus the complex var iable  6~4 i  c9 may be cons idered an analytic

funct ion of the complex variable ~~~~~~~~~ 0

~ 
13 i-”

This description of the p ressure  and flow ang le perturbat ions

in t e rms  of an analyt ic function does not , of course , necessitate that

the flow be irrotational. The irrotational part of the field is deter-

mined by LJcz~ , but additional “ shear flow” solutions may be super-

imposed because , when the flow is steady, such flows ca r ry  no pres-

sure  field and induce no ang le variations. In the present  problem

the admissible shear  flows are easily obt ained by wri t ing a l inear

combination of equations 4 and 5 to give

4~~~e2- ~ 4 -~~~t b w G 4~~i~ 14
U U

where the operator denotes dif ferent ia t ion in the s treamwise  direc-

t ion. The quantity in brackets , which is proport ional  to the pe rtur-

bation of stagnation p ressure , the re fo re  var ies  onl y f rom one s t ream-

line to the other , and the in t eg ra l  of equation 14 may be wr i t ten

.4 ( J 4 t
~
.
~’e~

6) - -
~j  ~~~~~~~~~~~~~~~~~~~ is

* 

~~~~~~~~~~~~~~ 
. ,

-z i-
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From equations 15 and 6 it is evident that F ’ is the  v o r t i c i t y  and

that  it is t ranspor ted  along the  und i s tu rbed  s t r e a m l i n e s .  In fac t ,

f r o m  these same equations , t he  two velocity components  may he

wr i t ten

— - - -

16

• 0 - 
~~

— 4 ~~~- z - 17
(I * tw~

t9) t .1

Now let US consider a sing le blade row, represented by an

actuator surface located on the ~ - axis , for which the undis turbed

uniform flow moves at an ang le 9 upstream and 9~. downs t ream

in accordance with the diagram of Fi gure 4. There is a corres-

ponding p ressure  rise 
~~

p across the actuator. Let us suppose

that , due eithe r to a self induced or upstream induced d i s t u rb a n c e ,

the cascade stalls over a fraction ot of its c i r cumfe rence, and that

the stall reg ion is located as shown in Figure 4. According to the

chosen stall model, the stall induces no dis turbance to the relat ive

discharge angle from the cascade, but the p re s su re  rise 4p drops

to (say) zero across the stalled portion. The condition on the pres-

sure field is then that

-

( -4-r ; ~~~~~~~~ ~~L 18

I
so that the d i f ference  between the solutions for the p r e s s u r e  field s

ups t ream and downs t ream consis ts  of positive jumps at the points

• ~~~~~ and equal negat ive jump s  at the  points 
~~~~ ~~~~~~~~~~~

Since 69 and ø~ are harmonic  funct ions , one may beg in to con-

struct  a solution by obtaining the ha rmonic  funct ion that r e pr e s e n t S

the value of ~~ °.~~~ an I is r egula r el sewhere .  N ow

L _ _ _ _ _ _ _
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the imaginary part of the function ~ log (i-;~~) has a positive

unit jump at ~~~~~ for  ~~~: 0+ and a cor responding  negative jump

for  X :  0- . The sort of function we require may then  be con-

structed by situating the appropriate logarithmic singulari t ies at

• ~~ R and the negative of such functions at ~~ • ~ 
“ - ~~

The analytic function

I - r~ -
~~~~~

~1 • i S~~ I~i~~L 5 ~~ 
, ,.

1 —~~~~~~~~~~~~~~~~~~~~~~~

~l 
I -3.l’ I~~R. ’’ .J

poses ses this property, since the hyperbolic sine in the numerator

has simple zeros on the -axis at ~~~ s-s-i , Figure 5, and the

denominator has corresponding simple zeros on the  ~ -axis at

= v~e -
~~~ 

. The values of the real and imaginary parts

along the ~ -axis , which are involved in satisf ying matching condi-

tions across the actuator line , are shown also in Figure 5. The

real part , F c ~t ,~~’~ is single valued but exhibits the expected

logarithmic singularities at = . The imag inary

pa rt, Gcs.’1~ with the branch cut taken along the ‘~ -axis, exhibits

a jump of magnitude 2 in the intervals n. ~ s .1. ~~ ~ and is con-
~
. MP P_ ~ -

tinuous elsewhere. Far upstream of the cascade, as X— ~~ °°

& ~~ o has a constant value o~. and f a r  downstream, as

i.-,.. , ~~~~~~~~~~ ~~ has a constant value —

Now the solutions j r .~~ o.,~J Q).(,c 3~ for  the pres-

sure  field can be constructed f rom a multiple of G Cx , ~ and an-

other harmonic function which must be regular  except at the singu—

larities along the imaginary axis. Hence the supplementary func-

tion can differ  f rom a multiple of Fv .; by at most a constant.

The flow ang le and pressur e far ahead of the cascade can vary  by

only constant magnitude from the undisturbed ; these values corres-

pond to variations in flow ang le and pressure  imposed fa r  ups t ream.

If we assume these to vanish , then the p r s s su re  and ang le per tur-

bation fields become

-- -~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~ .---~~~~~~~~~~~~~~~~~~~ -.. --
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(,~ t.~’~~) 6~ AF c~cp  -t .8 [6 C % .y ) - o c  1 19

- 8f c ic .~~ ,4 [6ia-~~i - m J

• (~2 (&~~~+~ } -

• A [~~~~ i~~’~~ 
] 22

where the constants A , B , .1’ remain to be determined. The avail-
able mat ching conditions are (i) that the axial velocity is continuous
across the cascade and (ii) that the relative discharge ang le is given
in t e rms  of the inlet ang le according to Figure 3. For the present
consideration we shall assume that the relative discharge angle is
fixed, independent of the inlet ang le. The representations of the
axial velocities upstream and downstream of the cascade may be
written

~
j -

~~ 
-~~~~ -~~~~~t-~~~~ 23

- • ___ ‘
~ 1 - I D —s— \u ‘ j’ i-tt.J~~ ‘ I~~~ 14g~j~ )

a.~. F ( ° , ‘~~~ X & s ~’O~.) 4 6 (a-. , ~~tss~~~) *
~~~ 24

Where Ie.Lhas been supplied with an additive constant which assures
that u,.~ averages to zero far downstream. The condition that the

relative discharge angle f rom the cascade be invarient  requires ex-
pressing the relative flow angle perturbation in t e r m s  of pe r tu rba-
tions seen f rom the stead y flow field. R e f e r r i n g  to equations 1 and 2 ,
which relat e these flow angles ,

( 
~~~~~~~~~ 

- 5TA ~~~0f ~

l ....= (8 .~9~~ - t~~~(~~-.(~’)
cur ~- -rj . R

R o’-e R)

_ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  - , —~~~~~~~~ - —.— - - -~~~~
. . - . -
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so that to the first order in small disturbances,

— (,~ Z.- .~’9)~ 6
~~~ - ~~

)-
~ 

; t~ O7D~~

The condition that the outlet angle be unchanged is therefore

( (~~ R

(/9 t 9~~~4~~~~~ ~~~~(o ,~~) a1)
U

which we write in the form

~ 
(e,~~) 

~ K ~~~ ( e ,~~ ) o 28

where

I 5T.q rO R

K 
/(,

.(
~~R/U

— — ;  Rc, rO~~
l~~ t~ vi8~, 49

Now all of the field quantities are represented by equations 19

through 24 and substitution into the two matching conditions provi-

des relations among the unknown coefficients. In fact, the coeffic-

ients of F(O. ’*~~ 
and [Gc...p )-.* J must vanish identically becaus

these two functions are orthogonal over the range o ~

Substituting into the expression ~~~~~~~ € 0, ~~I ~~ (O4~ for  continuity

of axial velocity leads to the algebraic equations

(--b.. 
~~ 

A • ~~~~~ ~~~~~~~~~ 

“
)8 - ~~

. L ~~~~~~~~~~~~~~~~ 

-
~~~~~~~ 30

L~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.

~~~~~~~~~~~~~~~~ - _
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(-T..~~8, ~~~~ \ I— ’  _i_. I _ _~~~... ~~~~~ 31

~ i-+ tc~ e, ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ I-. t .W’~~,j 8  ~~
.*. 14 iP1 6,. f LI’

Similarly, substitution into the condition on the cascade d ischarge ,

ang le , equation 28 , g ives the second pair of algebraic  equations.

- J ~< ~-K~~ ..e1 - ~~- 
(t .~~&1. ~~~

— A • — — ——— • a. 
~ 

- — 32
i t ~~e,~ ~• ~~~~~ /4 ~~~~~~~~~ t’ U’

_ _ _ _ _ _  
•-  ~~ K b ,. — “~~~~ ~~“ 33

% .  t~~Le~, ~ ~~~~~~~~~~ ~~~~~ r t”

These equations constitute a linear set for A, 8, a. L , ~~~~. and may

be written, after som e manipulation, in the matrix form

~~~_
‘.— ~~__L.. -t.,.e, t.. e~

i~ t.J~ ‘~ ‘~‘ a •*t..,~9, t*~~~~ 
- 

I• ~~~~~~

- IC ( g ~~~~~~~ , .~

14 ~~~~~~~ ~~~~ ~~ 
0 0 O., 14  t4~%I’8

~~~ ~~
) 0 0

34

The determinant of the matrix on the left,

(~~~~~~~~~ 

( K 
__

)  35
14e4. .,’e,J ‘.. i + t s J~~, ~~~~~~~~~~

is non-vanishing and the resulting values of A, B, a.~, b,, 
are

proportional to ~~~~ , the pressure loss coefficient at stall.

The results will not be written down explic itly now because they

will emerge later in a more general form. It is well to note,

~ 

-~~~~~.- .~~~~~~~~~~~ -- — ----- - - -  -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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however , that because ~~~~L b,. � a , the flow fa r  down-

stream of the cascade is permanent ly distorted and corresponds  to

a wake generated by the vorticity sheet from the stalled zone.

Th e physical problem of the single blade row is still in-

complete. It has been assumed that the cascade is stalled over a

certain portion of its periphery but the conditions which lead to the

stall have not been considered. We must examine two possibilities:

1) the stall is induced by a flow distortion originating upstream of

the cascade and ii) the stall is self-induced. The case of the self-

induced or “propagating stall” will be presented in this section ; the

stall induced by flow distortions will be treated subsequently.

Now whether the cascade stalls locally is determined,

according to Figure 2, by the local inlet ang le ~~~, . In the absence

of disturbance the uniform inlet angle ~ , is assumed less than the

stall angle ~3,
#
, and in the presence of the stall , the perturbation

~‘3. (o~ ‘~~) must relate appropriately to the angle increment

requi r ed to stall the airfoil. Using the relationship we have found

between absolute and relative perturbation ang les , we have

(14 ~~~~ 4, )(3,’(o ,~~) -‘ ( :4t. %%18,)9, (.,~) . ~~~~~~~~~~~~ ~~

Now using the solution forms we have found for ~~ , Cx.~ J ...~ct 
-

~~~~~ C$. ~

(14 ~ %~‘(I .~ (1. ( 0,~~~~~~’

-

= 
~~~~~~~~~~~~~~~~~~~~~~~ 

cii •~~k-~sus~~ )B + C I 4 ~
.u. ~~ ..)k~A ]  Fc e ,~~

4
‘4-

36

The stable, self—induced stall cell requires  that the  inlet  flow ang le 

-.. - --- --~~~~~~ . --~~~~~~
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change from a value below to a value equal to or g rea t e r  than

at the ed ges of the cell and this condition can be satisfied onl y

if the coefficient of F (0 ~~ vanishes.  Thus

( I ~~t .~ ’~~~.)KA - ~~~~~~ _ ( I ~~~J e~) K i ~~~6} B  - o  37

This additional condition on the constants A and 8 may be taken

together with the fourth of equation 34, another homogeneous condi-

tion , to require that , for a non-trivial  solution,

~~~~~~~ 
‘ K

)• ~~~~~~ I 4t ~~JO~~)

K ( - i + a . . .~~
1 4 t 

~~~~~~ 14  t ~~ 8, 38

which constitutes a characteristic value condition for K . Physically,

this states that the self-induced stall cell must move with a certain

speed in order that the flow field satisf y the condition on the inlet

ang le approaching the stall cell. This f ree  or self- induced stall

cell has become known as propagating stall because it must  move

along the blade row at this speed to assure the stability of the lead-

ing trailing ed ges of the stall cell. The value of the determinant  in

equation 38 gives the characteristic value as
(
~~~~3 ( 1

- 
~~~~~~~

12 ,  39
v/ ,4 ~~~~~

where the relation between relative and absolute flow ang les has  been

used to obtain the final  expression. Here  (3, is essential ly the rela-

t ive inlet stalling angle of the blade row in question and cuR is the

velocity of stall propagation.

_ _ _ _ _
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Note that the value of K determined fo r  the se l f - induced

stall does not make the mat r ix  in equation 34 s ingular  but allows

determination of the complete set ~f coeff icients , in part icula r ,

the values of ~~ and is,~which give the stall wake that appears  fa r  •1

downstream from the blade row. 

---~~~~~~~~ --—- ~~- --~~-.- - - -. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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4. SINGLE BLADE ROW; GENERAL
ANALYSIS

The anal ysis of section 3 has shown that the vort ici ty shed

f rom a stalled blade row produces a wake that de fo rms  the flow field

far  downstream of that blade row. It follows , moreover, that sub-

sequent blade rows, in relative motion to the stalled reg ion , will

experience strong deviations of the relative inlet ang le which may

induce stall in that blade row al so. In general , then , solution of the

multistage problem will require knowledge of the behavior of single

stages with addormed input . It is the aim of this section to find such

a solution , suitable fo r  use in multistage analysis.

In the previous section it appeared that the axial velocity

profile f rom a stalled sing le blade row, consisted of a linear corn -

binatiori of FL O, ; X ~ aw8) and G(o+. xtm~.& )*.~ even though the flow

ang le perturbation vanished far  downstream. Therefore  a distor-

tion of this sort will appea r upstream of the next blade row. In gen-

era l , then , a blad e row will have some linear combination of

and ~~(o.~~~.rt-aw D)- upst ream;  a solution that accommo-

dates this initial condition will permit also a distortion of this type

to be prescr ibed ahead of the entire compressor.

To satisf y these requirements, the pressure  and ang le of

perturbations may be written

(,. :. ,) 6 ~ ~ A F cv .~~j ~ B~’~~~,i~~j _ m J — C o.c 40

• A f Gc~-~~ -o’ ) *Z ~,
I( 41

C ‘ - ~~~~~ 
e ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
~~-~~~cc Co 42

( 1- ~ t~—’~ )cS~ f ~~~-~~~] F c r ~~ A[GC’~3)-’ ” 1 43
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while the corresponding axial velocity distr ibutions are

1.4.. C \ f ,-~ ~p,
= - ~~ (~ ~~~~~~~~~~~~ , 

Go - 

~ 
- -

~7~~~
) 1~ d 9,

. 

~,tG’~-, ~~.5~~ .. 8,)-0q
44

— (
~ 

* -
~~

-

~~~ 
—k—— - c —f--- \ - I .~~

1) a I’U ?it=.J& 1-~~ é~~~~~
’

~~~~~~) i~~-- 
~~~~~~~~~~ 45

~~~~~~~~~~~~~~~~~~ * b4G(0 1 ~~~~~~
IM

~~~~~t
’
~

The prescribed conditions ahead of the blade row determine the

values of a., , ~~ C , 2 ’, and sC and the values of A , B , a-a

b.,. and 2!,. are required. These constants are evaluated as a

consequence of matching the axial velocity perturbations.

La. (~~~~% 
46

and fixing the relative discharge angle

-‘ K -J (o .c~ ~ 
47

The pressure loss caused by stall has already been accounted for

in constructing the solutions. Now a prescribed inlet distortion,

fixed by the values of *. and Ls~ , may or may not induce stall

over a po rtion a.n,i. ~ of the blade row periphery. This ques-

tion is determined by the relative inlet ang le; if stall is indicated ,

in equations 40-45 is set equal to the value appropriate for

the blade row, if not , ~~ o is set equal to zero.

Another feature that appears when the stall is forced  by the

inlet distortion is that the valu e of K is prescribed.  For a station-

ary distortion, such as strut or a separated inlet, c-.. . o , but in

the unusual  circumstances of a moving dis turbance, which may occur

with an ingested vortex, the value of ~~ is assumed known. This

will mean that , in general, the inlet angle distortion ,
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will not be a simple square wave ~~~~~~~ but will contain the singu-

larities character iz ing P (o . ~ . The condition for  stall in this

c i rcumstance will be discussed later .

Substitution into conditions 46 and 47 leads , in a straight-

forward  manne r, to the result that 2~,.. a and a set of l inear

al gebraic equations for the unknown quantities A , 8 , ‘-L , ~~~~~..
These are identical with the equations 34 except for additional t e rms

on the ri ght-hand sid e

- 
- ~~~~~~~ - -~f~~ ’ - t o

t-’ fm*.f&. ~~~~~~~~~~ ,-‘ f..~e, i * ~~~~~~

____ - 
.~~~~~ — -

~~~~~~ s4 +.W e~ 
,.,....j ., I4t *~A

=
~~j. 

o B
-~~

( k t41w&, /

I 4 ~~~~~~~ ~~~~~i*m~9, I4/.i9 ~ 
~~

K ~a,.9, s _____

— I  0

4J’ 
0 - ,

— * a., ~ -

0

0 0
48

The inversion is easily effected and can be expressed in the form

A ~,. 
~~~ ~~~~~~~ 

4,

B ~~~~ ~~~.1. ~~~~~~~~

a,. ,, , ,. ~ 49
~A1’

bL ~~~~ 
~~~~
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where  ~~~ and j a;~ are  functions of 0, , 8~ K and a r e  tabulated

in the Appendix.

Now a.., and b, are given through prescr iption d the

flow fa r  upstream but _
~
j -

~ 
is either a known value or zero  accord-

ing to the approach ang le relative to the blad e row. The relative

inlet ang le perturbation, given by equation 36, becomes for the

present  example,

(“4 ~~~~~~~~~~
‘io ;)

- ( _J—. , ( l~~f~ ”øa ) I C A  4 11- ~~~~~~~~~~ (I*~~ci ...!GI}~~ . (I,I. ,.i.
~&))CQ.j F ( o , ’~ )

j ~~~~~~~~~~~~~ 3

~~~~~~~~ - ~~~~~
(, ~~~~~~~~~~~ ‘~~~~ ‘~~‘~ ‘~ ~“

n~ - £

Because the ~~~ ,) F(0.~~~~) d~~ this does not , on
£-4 o ~~~~

the average , contribute to the inlet ang le in the reg ion under con-

sideration. The function G(° , ~~~~~ however, equals i-~~ in the

stalled region and - ~ in the reg ion exterior to the stall. In detail ,

then, the inlet ang le perturbation is , in the distorted reg ion

— , (.i - ” ) ~~C (
(3. C O,~~) C ( ..—.......—

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(~% 4 t o ~~~~, 

~ 
(Iio.. -..’9j(I-t t..~~~~ .J 4 

T O

-4 ___ 
I- K

L
( , t ~~~~ 8.~

— a.i .~ ~—

(,~#t_ tø. I 4  (14 bs.=.’~~.J ~ 51

where ~ is the determinant given in the Appendix. Then if

~ (3 ,’— (S , 52

the cascade will stall in the reg ion - ‘J. ~~ I’ LM~ in which the

upst ream distortion impinges upon it and the solution is cor rec t  as

-_ _____  
i
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it stands . If , however , the ineoual i ty  52 is not satisfied then

the solution given by equations 49-52  must  be evaluated with

set to zero. This condition also d e t e r m i n e s  the p r e s s ur e

loss fa r  downst ream from the cascade , accord ing  to equation 42 ,

as -4i~~,. or zero.
V O L

Ii

_ _ _ _ _ _ _ _ _ _ _ _ _ _  
-- ~~~~

- . .~~ ~~~~~~~~~~ .



5. ANALYSIS OF MULTISTAGE COMPRESSOR
WITH WIDE SPREAD BLADE ROWS

The results of the last two sections demonst ra te that  a

compressor  blade row, represented by an actuator su r face , which

is subjected to a distort ion in axial velocity profile that is a linear

combination of P”~~) and Geo- . j ,_ o~ , produces a distorted dis-

charge flow which is another linear combination of the same two

functions. This general result hold s , whether or  not the cascade

in question stalls as a result of the distorted input. It follows ,

then , that we can construct the flow in a multistage compressor,

represented  in this two-dimensional  approximation , f rom l inear

combinat ions  of the  two fundamenta l  profiles g iven above. The

situation hold s regardless  of how many of the various blade rows

stall.

Number the blade rows f rom the inlet, the  f i rs t  of which

may be the inlet vanes , the successive ones may al ternate rotor

and s ta tor  rows. Number  the reg ion ahead of the n blade row

by the subscr ipt n , that is ~~~~~~ ~, 6?.,,6., and the reg ion downs t ream

b y the  subsc r i pt n *  , that is i&,~~~ , 

~ 
(L~ , ~~~

Associa ted  with each of these blade rows is a stalling inlet ang le

a fixed relat ive outlet ang le ~ , a p res su re  loss at

stall , ~~~ , and a value 1K,, of the blade motion parameter .  For

Jow f ie lds  generated by a stat ionary ups tream dis turbance, the

va lues  of K,, are

( a S r,A~ oR

Ro7a~~

We presume the unper turbed stat e to be known and this means , in

deta i l , that  values of U, a.R , e. are known. The per tu rba t ions

we wish to compute a re  caused b y a dis tor t ion ups t ream of the  com-

p r e s s o r  inlet  des ribed b y the values of a, an d I,, ; gene ra l ly



_ _ _ _ _ _ _ _ _ _  —~~~~ _ .-

this  t akes  the  f o r m  of a disto rtion to the axial  ve loc i ty  p r o f i h  ~ iv -f l

by

o~, ~~~~~ -~ b, [ G C o — .p - oc ]  54

We shall assume, for  the purpose of this demonstrat ion , that the

p r e ssu r e  and ang le d is turbances  vanish f a r  ups t ream and th at

Note specifically that there  is no per turbat ion  to the tot al
flo w rate , that is

t4.,CL~~ 0

~
1
..

so that the mean or re fe rence  axial velocity is undisturbed.

N ow the  sing le blade row analysis of the previous section
demons t ra ted  that , for  a blad e row with prescr ibed  character is t ics,
the flow distort ion downstream was determined by the flow distor-
tion en te r ing  f rom upst ream along with the knowled ge of whether or

not the modified inlet flow stalled a section of the blade row in

question. The relationship of the disto rtion in the discharge to the
condit ions ahead of the blade row is given by express ions  of the
type shown in the third and fourth of equation s 49 and the condition
for  stall is determined by considerat ions  simila r to those of equa-

t ions  51 and 52 . There  is no d i f f icul ty  in genera l iz ing  this scheme
to one  that  will app ly to any blade row of a mul t i s tage  compresso r .

The general ized calculation is car r ied  out in the following
step s . F i r s t  suppose the ~th blade row is stalled over the sections
- d C f l T Z  ~ ~ ~~~~ . The coefficients of the downs t ream per turba t ion
and the pe r tu rba t ion  to inlet ang le in the stalled reg ion may be
w r i t t -n in the ma t r ix  fo rm

~~~~4I 

~
,, C&s ,9~~,, K M )  

-

- - 

b~
- 

~~~~~~~~~~~~~~~~~~~

L ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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The nine c o e f f i c ien t s  of t h i s  m a t r ix  a r e  given in the  A ppendix.

Second , d et er m i n e  wh e t h e r  the  value of is g r ea t e r  or less

than the  known va lu- .- of ~~~ . 71 .� 
~~~~~~~ (3,, ~ t h e n

the  calculat ion cihu~~~ is c or r e c t  and the resu l t ing  i n f o r m a t i o n  pe r-

rnits  p roceed ing  to  t h e  next  blade row . If , h o w e v e r, ~
the above ca lcu la t ion  must  be repeated with the element A~~~~i/ ~~,&

rep laced by zer o .  Then this new information permits  proceeding

to the next blade row. The loss in p r e s s u r e  rise across  the stage ,

it will be reca l led , is ~ or zero  depending upon whether the

b lade row is sta 1led , and these inc rement s will accumulate as we

pass t h r o u g h the  compressor .

One f u r t h e r  point should be mentioned in order  to clarif y

tl
~~ 

app l ica t ion  of this  p rocedure ;  the c i r cumfe ren t i a l  coordinate of

each blade row has been ad jus ted  so that the distorted reg ion appears

sym m e t r ica l l y located with respect  to the local -axis.  To recover

the p)
~y.~ica1 f low f ie ld , the  resul t ing prof i les  and ang les should be

applied wi th  r e spec t  to an und i s tu rbed  s t reaml ine  passing through

the mach ine .

I

_ _ _ __ _ _ _ _ _ _ _ _  
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(.  (:O -c(:[j~DlN(; REMARKS

The e x a m p le tha t  we h a v e  examined in some detail  has
d e m o n st r a t e d  tha t , wi th in  t h e  small  pe r t u r b a t i o n  t h e o r y ,  the
exac t solut ion ~. on s i s t s  of a l i n t - a r  omb i n a t i o n  of two basic flow
fields , in pa m t  i~~ u la r , the a x ia l  and t a n g e n t i a l  ve loc i ty  profiles
cons t i tu t e a t w o - p a r a m e t e r  f ami l y w h e r e  the pa r a m e t e r s  a re
I u n c t i o n s  o f axia l p osi t ion t h r o u g h the  orflpr eSsor.

It is c l e a r  then , that if we chose  to r ep resen t  the solution
in t e r m s  of this  t w o -p a r a m e t e r  f ami ly for  an i n t e g r a l  method , and
emp loy the ac tua to r  su r face  c h a r a c t er i s t i c s  of the  pr eceding anal-
ys i s , the in t eg ra l  method will yield the same solution. For examp le ,
we represen t  the  axial velocity in the fo rm

L . — LG c ~.~~-~~)
4 -t, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where  the parameters  L, , r~ç are  unknown but I, y~~ , are given .
The quant it ies~~/~ and and the  corresponding quantities down-
s t r eam of the  blade row have corresponding representa t ions .  Int e-
gra t ion  of the equations of continuity and motion in the peri phera l
direct ion establ ishes  the relat ionship between the parameters  that
occur  in t and D ; detailed matching across  the actuator surface
establ ishes  the relationship between the pa ramete r s  upstream and

downstream. Note that the matching across the actuator surface
corresponds  to applying a geometr ic  constraint represent ing a blade
shape or to a fo rce  field represent ing a distributed blade loading.
As a resu l t , the d i f f e ren t i a l  equations that desc r ibe  the  variation
of p a r a m e t e r s  along the compressor  when the load is continuousl y
cl i st  r ibute d , d c L ~t - n e  r ate  to d i f f e r e n c e  equat ions for  the compressor
r e p r e s e n t e d  by a success ion  of a c tua tor  su r faces .  These d i f f e re n c e
equations co r r e spond  to the  m at r i x  re la t ions  given in equations 48 ,
or m o r e  p r e c i s e l y, equat ions  5~~.

- _ _ _ _ _
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APPENDIX

The d e t e r m i n a n t  of the  m a t r i x  on the le f t -hand  sid e of

equation 48 is

f ~~ \Z . / i(,,~~~ati ,, i \ 2..

a ) ,~~~_ * ~~~~~~~~~~~~~~~~~~~~~~~~~
) 

A l

The coeff icients  in the  equations 49 are

I _ _ _ _ _ _ _

A-2

f k’,,~~~ ..9,, ‘

~~ \ i ~ t~~~6~ 
‘~ 
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14,
-,‘,~ ~~~~~~~~ 
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14, ______ .
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Figure  1. Diagram of ac tuat ing l ine .
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A NGLE OF

BLADE STALL

ILl

U)

U)

ILl

5,

BLADE INLET ANGLE , /3,

Fi gure 2. P r e ssu re  rise ‘s a func t ion  of inlet  angle.
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ANGLE OF
BLADE STALL

-J

$1

BLADE INLET ANG LE , R

Fi g u r e  3. D i s c h a r g e  ang le as a funct ion of inlet angle .
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y

I
. y = ( 2 + a ) i r R

y = 2irR 
____
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_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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STALLED—- Y = a~~ R

=

____ --_
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R__J 
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Figure 4. Pattern of stalled and unstalled regions on actuating line.
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Fi gure 5. Distribution of real and imag ina ry  parts of
along y-axis. 
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general idea of the proposed technique is clear enough ; the appropriate equations
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angle , including stall , and whether the profiles may be characterized by a
su f f i c i en t l y small number of pa rameters to make the t e chn ique  a t t r a c t i v e . The
present paper examines a specific examp le of distorted inlet flow through the
two-dimensiona l annulus of a multistage compressor which can be solved comp letel
It is shown that the essential features of this exact solution , including stall ,
may be described by a two-parameter family of profiles and that an integral
t echn ique , u t i l i z i n g  these e lementary  p ro f i l e s , w i l l  y ield e s sen t i al l y the  same
resu l t s .  While i t  is not clear that comparable success would hold fo r  the  t h ree
diminsional  problem , t he r e su l t s  conf i rm the con ten t ion  tha t the two-d imens iona l
p roblem may be t rea ted  w i t h  accep tab le  accuracy  b y an in t e g r a l  t e c h n i que .


